I. INTRODUCTION
The past 10 years have witnessed sharp growth of interest in graphene as a non-conventional material, which is a very thin (sometimes called single-atom) layer with adjustable electrical and chemical properties [1] [2] [3] . Its conductive properties are characterized with the aid of surface impedance Z that has inductive nature (its imaginary part is negative if the time dependence is chosen as exp( ) i t ). Thanks to that fact, a sheet of graphene can support the surface plasmon (SP) guided wave [4] . If graphene is patterned, i.e. shaped as finite sample, then the SP wave can bounce back and forth between the edges of graphene sample. This leads to the formation of standing waves, i.e. to Fabry-Perot type resonances called SPmode resonances. What is remarkable, SP resonances are observed both in the infrared range -if graphene sample has nanoscale dimensions and in the terahertz range -if it has microscale dimensions. Today this effect is used in the design of mid-infrared bio-chemical sensor systems but it can be also used in some quasi-optical elements in the THz range.
Another interesting property of graphene relates to the observation that its electron conductivity can be changed in wide range by using electrostatic biasing field which changes graphene's chemical potential. To realize this electric tuning in practical circumstances, researchers usually place a sheet of graphene on or into a thin dielectric substrate. Still freestanding (called suspended) graphene sheets are also investigated due to their smaller dependence on the chemical degradation. Thus, any electromagnetic-wave system or device that incorporates a graphene element is potentially an electrically tunable system or device.
The most wide spread today microscopic model of graphene conductivity is based on the Kubo formalism [1] [2] [3] . From the viewpoint of the modeling, important observation is that in the finite graphene samples larger than 100 nm in size, the edge effects can be neglected and the electron conductivity (and hence the surface impedance) can be characterized using the model developed for infinite graphene.
One of the less studied topics around potential applications of graphene is the characterization of micro-size reflectors made of graphene. In recent papers [5, 6] , we have analyzed a 2-D model of finite microsize graphene reflector located in the free space and illuminated by a plane wave incident along the plane of symmetry. Both the far-field scattering characteristics such as the total scattering cross-section and the near-field effects such as the focusing were investigated as a function of frequency and reflector's geometry. This has enabled us to conclude that efficient performance of graphene reflector can be expected only in the lower part of THz range, because of rapid growth of | | Z with frequency. The aim of this paper is to extend the studies of 2-D parabolic graphene reflector in the free space to the case of illumination by a directive feed, i.e. the same antennas as in [5, 6] however in the transmission regime. We will restrict our analysis to the H-polarization case.
As known, if the surface impedance of graphene is given, then the analysis of cylindrical reflector can be considered as an electromagnetic boundary value problem (BVP). It involves the Helmholtz equation, the resistive-sheet boundary condition [7, 8] , the edge condition, and the radiation condition at infinity. Taken together, these conditions provide the uniqueness of the solution of BVP [9] .
Full-wave modeling of reflector antennas can be done using many numerical methods. For engineering aims, the finite-difference time-domain (FDTD) method is frequently chosen. However it is not a good choice for large, quasi-optical size, reflectors as it suffers of huge domain to be discretized and hence leads to unrealistic computation time. The method of moments (MoM) technique can also be applied to arbitrary geometries. However, by using the local basis and testing functions, its accessible accuracy is quite low (2-3 digits) even for a few-lambda reflectors. The high frequency techniques like GO, PO, PTD are fast however neglect fine details of wave fields.
As we are interested in fundamental wave effects, we analyze the graphene reflector performance using MAR (see, for instance, [10, 11] ). To invert analytically the most singular part of the associated singular-integral-equation (SIE) operator, we follow our earlier works on the H-wave scattering by PEC and resistive 2-D reflectors [12, 13] . This involves a specialized discretization technique known as the Riemann-Hilbert Problem (RHP) method [8] . The result is a Fredholm second-kind infinite matrix equation that provides a convergent numerical solution. The SIE-MAR technique enables very fast and accurate full-wave analysis of the reflector problems with various incident field functions.
As graphene's impedance depends on frequency, it can be expected that graphene reflectors performance should also depend on frequency more profoundly than for their PEC analogs. The role of the SP resonances is also a matter of study. Here, we can keep in mind the scattering and absorption of THz waves by flat graphene strips and finite graphene-strip gratings has already shown the presence of SP resonances, especially strong in the lower part of THz range [14] [15] [16] [17] [18] [19] .
In the present study, the feed is taken as a complex-sourcepoint (CSP) magnetic line-current field. CSP is a model of aperture feed such as a small horn antenna. Therefore the output characteristics are the angular far-field pattern and the partial (i.e. forward and backward) directivities of CSP excited graphene reflector system. As mentioned, graphene impedance is modeled using the Kubo formulas and the boundary condition at reflector's surface is the resistive-sheet condition [7, 8] with frequency-dependent complex resistivity.
II. FORMULATION
The cross-sectional geometry of a 2-D parabolic graphene reflector illuminated in the frontal manner by a CSP magnetic line source is presented in Fig. 1 . Here, the reflector contour M is completed with a circular arc S to a closed contour denoted as C in such way that the curvatures of two arcs are the same at the junctions, i.e. at reflector's edge points. Such a smooth contour C is necessary for the discretization leading to the regularized matrix equation of the Fredholm second-kind nature.
Assume that the CSP feed's center of the aperture is located at arbitrary point having the real position vector 0 0 0 ( , ) r x y and the complex shift is achieved by adding a complex vector ib . 
where k is the free-space wavenumber. Note that function (1) has two branch points which should be connected with a branch cut (see Fig. 1 ). The direction of radiation of CSP feed is governed by the vector b and can be arbitrary. Still, in computations, we will assume that CSP is looking at the center of reflector as such orientation provides obviously better performance than other, non-symmetric illuminations. Guided by the similar considerations, we will also assume that the middle point of CSP feed is located at the geometrical focus of the parabolic reflector.
The resistive boundary condition first appeared as a model of either a thinner than skin depth sheet of metal or a very thin dielectric layer [7, 8] . It combines together two equations for the field tangential components,
where the superscripts "-" and "+" relate to the concave and the convex sides of reflector, respectively, and the unit normal vector n is directed to the concave side of the reflector. Note that the jump in magnetic field is the electric surface current density (unknown function). For a graphene sheet, the resistivity or, equivalently, the surface impedance, is connected to the graphene conductivity as
1/ Z
. The Kubo formulas for the conductivity can be found in many textbooks (see [3] ). Although this result was derived for the infinite planar graphene layer, it can also be approximately used for the finite smoothly curved surfaces.
The boundary condition (2) leads to the following the electric field integral equation (EFIE) for the surface current:
where the scalar Green's function G is a Hankel function of the zero order and first kind satisfying the radiation condition; i.e.
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R r r . Assume that the curve M can be parameterized using the equations ( ), ( ) x x y y in terms of polar angle, , 0 | | . To proceed with the MAR-based formulation, all functions should be expended in terms of the Fourier series. Furthermore, we add and subtract the similar functions from the originally given ones. These are the functions at the full circle of the closed contour C and introduced as follows.
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The functions H and S have also continuous first derivatives, and their second derivatives with respect to and ' have only logarithmic singularity and hence belong to 2 L . Therefore their Fourier coefficients tend to zero with larger indices and can be efficiently computed by the Fast Fourier Transform algorithm.
In (4), we use the differential lengths in the tangential direction at any point on M given by Besides, ( ) is the angle between the normal on M and the x-direction, and ( ) is the angle between the normal and the radial direction. By extending the surface-current density t J with zero value to S, we extend SIE (3) to complete contour C made of S and M and thus obtain a set of dual equation. Eventually we discretize these dual equations on reflector M and on aperture S and cast them to a dual series equation. They can be treated with MAR approach using the RHP technique and yield an algebraic equation system [8, 12, 13] . This infinite matrix equation is of the Fredholm second kind which guarantees the existence of the exact solution in 2 L and also the convergence of approximate solutions, found with finite truncation numbers, to that exact solution.
III. SCATTERING AND ABSORPTION CHARACTERISTICS
As we would like to study the far-field characteristics of a graphene reflector illuminated by the in-GO-focus H-polarized CSP feed, we express the far zone total radiated field as follows:
where
and ( ) sc is found from the solution of IE (3) (see [12, 13] ) as the angular part of the far-field asymptotic of the scattered field function,
where the x and y parameters are the observation point
coordinates. In computations, we will use 0 to provide symmetric illumination of reflector.
The total power radiated by the CSP feed in the presence of reflector is given by
where 0 Z is the free-space impedance. Note that rad P is not the same quantity as the power ( tot P ) taken from the feed because of absorption in imperfect graphene reflector. The total taken power can be found from the Poynting theorem [20] adapted to the CSP feed and applied to the studied antenna (see [13, 21] as examples of such derivation).
Then the power absorbed by graphene reflector surface can be found as follows: 
IV. NUMERICAL RESULTS
The numerical accuracy and convergence of the given formulation had already been verified in [12, 13] in the presence of the CSP illumination. In the present study, we would like to analyze a reflector made of graphene and make an estimation of the effects of the partial transparency and the SP resonances. In Fig. 2 , the normalized radiation pattern is plotted for various chemical potential ( c ) values. It is seen that higher values of chemical potential lead to the lower values of the surface impedance of graphene that makes it better conducting and hence the curves get closer to the PEC reflector case. The reduction of c gradually increases the transparency of reflector (remember that graphene is transparent in the visible range). Therefore the spillover lobe is visible only if c is large and if it is not, the backward space of reflector shows the radiation pattern close to ( ) in of the CSP in free space, given by (3).
In Fig. 3 , we present the absorbed power and the forward and backward directivities as a function of the frequency. The oscillations in the absorbed power are due to the interference of the waves scattered by the edges of reflector. Besides, if one increases the chemical potential, c , then certain amount of increase is seen in the absorbed power. The forward directivity is getting higher with the higher chemical potential values. As mentioned above, if the frequency is getting higher then a graphene reflector becomes more and more transparent because its surface impedance Z increases almost linearly, with the dominant imaginary part, and finally it exceeds the free-space impedance value (see [3, [14] [15] [16] ). Therefore, the linear increase in the forward directivity is restricted to lower THz range and is replaced with reduction if the frequency gets above 2 THz for realistic values of the chemical potential.
V. CONCLUSIONS
A 2-D graphene reflector in the free space, with parabolic cross-section profile, illuminated by an H-polarized CSP feed was analyzed using the MAR approach. The results showed that a decrease in the inductive surface impedance due to the higher chemical potential of the graphene causes an enhancement in the antenna forward directivity. This is also consistent with the radiation pattern of the graphene reflector.
